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Abstract

In this article we shall prove that, for ¢ = p prime and roughly
%—th’s of the values of d < ¢*~1, there is no linear code meeting the
Griesmer bound. This result uses Blokhuis’ theorem on the size of a
t-fold blocking set in PG(2, p), p prime, which we generalise to higher
dimensions. We also give more general lower bounds on the size of a
t-fold blocking set in PG(4, q), for arbitrary ¢ and § > 3.

It is known that from a linear code of dimension £ with minimum
distance d < ¢! that meets the Griesmer bound one can construct a
t-fold blocking set of PG(k—1,q). Here, we calculate explicit formulas
relating ¢ and d.

Finally we show, using the generalised version of Blokhuis’ theo-
rem, that nearly all linear codes over IF,, of dimension £ with minimum
distance d < ¢*~!, which meet the Griesmer bound, have codewords of
weight at least d 4+ p in subcodes, which contain codewords satisfying
certain hypotheses on their supports.

1 Introduction

In this article, p always denotes a prime and ¢ always denotes an arbitrary
prime power (that can also be a prime). Let Fy denote the n-dimensional
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vector space over the finite field with ¢ elements F,. The Hamming distance
or simply distance between two vectors is the number of coordinates in which

they differ.

Definition 1.1 A g-ary linear code C' of length n, dimension k£ and min-
imum distance d, is a k-dimensional subspace of ¥y in which the distance
between any two distinct vectors is at least d.

For more background on linear codes see [13] or [15].
Let G be a generator matrix for a linear code C' of length n, dimension
k and minimum distance d. In other words G is a k X n matrix of full rank
with the property that
C={2G|zcF:}.

Let S be the multi-set of columns of G. Since C' has minimum distance d,
for any non-zero vector z of F¥ the inner product (z|s) is zero for at most
n — d elements s € S. In other words if we consider S as a multi-subset of
the points of PG(k — 1,¢) then every hyperplane is incident with at most
n — d points of S.

Definition 1.2 If the generator matriz G has no two linear dependent columns
(in other words if the dual minmum distance of the code C' is at least three)
then the multi-set S is a set. In this case the linear code C' is called a pro-
jective code.

Suppose that C'is a projective code. The set B of points of PG(k —1, ¢) that
are not points of S is a set of

¢“ -1
qg—1

|B| = [PG(k —1,q)] — |S] = —n (1)

points with the property that every hyperplane is incident with at least
k—1 __ 1
t=+———n+d=|B|— ¢ +d (2)

points of B.

Definition 1.3 A t-fold blocking set with respect to the hyperplanes of PG(k—
1,q) is a set of points B with the property that every hyperplane is incident
with at least t points of B.



Thus, a projective code of length n, dimension k£ and minimum distance
d corresponds to a t-fold blocking set with respect to the hyperplanes of
PG(k —1,q), where t = qk;1—1 —n+d.

Some authors prefer to use the word minihyper, which is defined as fol-
lows.

Definition 1.4 An{f,t, k—1, q}-minihyper is a set M of f points of PG(k—
1,q) with the property that every hyperplane is incident with at least t points
of M.

Thus, an {f, ¢,k — 1, ¢}-minihyper is a t-fold blocking set with respect to
hyperplanes of cardinality f.

2 Multiple blocking sets in two dimensions

In this section we review the known results about the minimal possible sizes
of multiple blocking sets in PG(2, ¢) which we shall use subsequently.
Suppose that 1 <t <gq.

Proposition 2.1 If B is a proper subset of the points of PG(2,q) and it is
a t-fold blocking set then |B| > t(q+1).

Proof: Let P € PG(2,q) \ B be a point not in the blocking set. There are
¢+ 1 lines through P and each lines contains at least ¢ points of B (and these
points are distinct). |

Definition 2.2 Let A,(t) denote the mazimum number such that a t-fold
blocking set in PG(2,q) has at least t(q + 1) + A,(t) points.

The following theorem comes from the results [1, Theorem 1.2, Theo-
rem 1.3, Theorem 1.4 for p > 3 and is also valid for the cases p = 2 and
p=3.

Theorem 2.3 (Blokhuis) Let B be at-fold blocking set with respect to lines
in PG(2,p) where p is an arbitrary prime. If 2 <t <p then
1
|B| > tp—l—t—l—min{z%,p—t} :
In other words )
A,(t) > min {I%,p - t} :

Furthermore, if p = 7 then A7(2) > 5, if p = 11 then A11(2) > 7 and
A1(3) > 7, if p = 13 then A3(2) > 8 and A13(3) > 8, if p = 17 then
A17(2) > 10 and A17(3) > 10, and if p = 19 then Aj9(2) > 11. |

For results in the prime power case see [1], [7] and [6].
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3 The Griesmer bound

The (Hamming) weight w(x) of a vector x € F¥ is the number of non-zero
coordinates of .

Definition 3.1 The residual code of C' with respect to a vector x, denoted
by Res(C,x), is the code of length n — w(x) obtained from C by deleting all
the coordinates where x is non-zero.

The following proposition can be proved using the pigeon-hole principle,
see for example [12, Lemma 5.7.3].

Proposition 3.2 If x is a codeword of weight d then Res(C,x) is a (k—1

)_
dimensional code of length n — d whose minimum distance is at least % .l

Using Proposition 3.2 one obtains the Griesmer bound

n> glk,d) i= : [qﬂ , (GB)

7

by considering the sequence of residual codes C' = Cy, C1, . .., Cy_1, where Cj
is a (k — j)-dimensional code of length n — >>7_) d) with minimum distance

d7) which satisfies (G—1)
d9) > d > i : ()
q ¢

The bound follows by observing that the one-dimensional code C}_; of length
n— Zf:_oz d® has minimum distance is at least d*~Y. Note that if one of

the residual codes C; does not have length g(k — 7, [ d--‘) then the codes C,,,,

@

with 0 < m < j have length at least g(k — m, {qim-‘) + 1. In particular the

code C has length at least g(k,d) + 1. [
The following proposition is from [10].

Proposition 3.3 If C is a k-dimensional code of length g(k,d) +t and d <
s¢*~1 then a column of a generator matriz of C is appears as a column at
most s + 1t times.

Proof: Suppose that C' has a generator matrix G with a column which
appears at least s+¢+1 times. We can assume that this column is (1,0, ...,0)"
and that it appears in the first s+¢+1 columns. The (k—1) x (g(k,d)—s—1)
matrix obtained by deleting the first row and the first s4¢+ 1 columns of G
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generates a (k — 1)-dimensional code of length g(k,d) — s — 1 and minimum
distance at least d. Thus, applying the Griesmer bound and s¢*~! > d we
have

gkd) — s — 1> g(k — 1,d) = g(k,d) - [qi] > glh,d) — s
a contradiction. [ |

Corollary 3.4 If C is k-dimensional code with minimum distance d < ¢* 1,
that meets the Griesmer bound, in other words of length g(k,d), then no
generator matrix for C' has repeated columns. In other words C' is a projective
code. ]
The purpose of this article is to show that for many values of d < ¢*~*
there is no code that meets the Griesmer bound. Similar results have been
obtained before, for instance in [9] the following theorem is proved.

Theorem 3.5 If, for a fixed k and d, either
1. kis odd and ¢*1 —2¢+ D2 — g4+ 1< d < gF1 —2¢+D/2 o
2. kis even and ¢" 1 — ¢"? — gFP — g4+ 1 <d < gFt — ¢F2 — gh/2

then

nZg(k,d)+1:1+§[d]

)
=0 q

Our improvements to the Griesmer bound apply in the case ¢ = p is
prime. We shall see that it is possible to prove that for about %—th’s of values
of d < pF~! there is no k-dimensional linear code meeting the Griesmer
bound, see Sections 4 and 8. Moreover, in Section 8, we show that if there
is a linear code with minimum distance d which meets the Griesmer bound
then certain subcodes (which contain codewords satisfying a property on
their supports) contain codewords of weight at least d + p.

In Sections 5, 6 and 7 we shall also prove some results relating to multiple
blocking sets with respect to hyperplanes in PG(k — 1, ¢). Some of these will
be used in Section 8.



4 Improvements to the Griesmer bound

The following result is a consequence of Theorem 2.3. Let p be a prime.

Corollary 4.1 A set A of n points in PG(2,p) with the property that every
hyperplane (line) is incident with at most r < p — 1 points of A satisfies

ngmax{(r—l)p+1,(r—1)p+r—(p—gl)}. |

Let d = Z;:OQ d;p* be the p-ary expansion of d.

Theorem 4.2 If, for a fized k and d, p*=3 divides d < p*~' — 2p*=2 and
dp_3 > max{’%l,p — di_o} then

Proof: Let us assume there is a code C' meeting the Griesmer bound with
minimum distance d© = d = dj_op" 2 + dj_3p* 3. We form a sequence of
residual codes with minimum distance d) = d@=Y/p = d/p’ by choosing a
codeword of weight d*~Y in the previous code in the sequence. The sequence
of codes descends to a 3-dimensional code C’ with minimum distance d' =
d_op + di_3. Moreover, since C' meets the Griesmer bound all the residual
codes also meet the Griesmer bound. In particular C' meets the Griesmer
bound.
By Proposition 3.3, C’ is a projective code. It has length

d/
n' =d + [—w +1, (4)
P

which gives n’ = dy_o(p+ 1) +dp_3+2if dp_3#0and n’ =dy_o(p+1)+1
if d,_3 = 0.

As discussed in the introduction, the columns of a generator matrix of
a three-dimensional projective code of length n’ and minimum distance d’,
form a set A of n’ points with the property that every line is incident with
at most n’ — d’ points of A. By Corollary 4.1

n' < max{(n/—d’— Dp+1,(n'—d —-1)p+n—d— (p;l)} (5)
Substituting n’ = dx_o(p + 1) + dx_3 + 2 gives the condition that either
dp—o+di_—3 <p—1ordy_3<(p—1)/2 and substituting n’ = dy_o(p+1)+1,
for the case di_3 = 0, gives the condition d;_o = 0.

Therefore, if dy_o + dr—3 > p and dp_3 > (p + 1)/2 then we have a
contradiction. [ |



The following theorem deals with the case that p*~3 does not divide d. Note
that we cannot prove the above by simply applying Theorem 4.3 below to
the punctured code, since such a proof would not be valid for the case k = 3.

Theorem 4.3 If, for a fived k and d, p*=3 does not divide d < p*~1 — 2pF=2
and dj_3 > max {’%l,p —1- dk_g} then

Proof: Let us assume there is a code C' meeting the Griesmer bound with
minimum distance d® = d. We form a sequence of residual codes with
minimum distance d) = [d@~Y/q| = [d/q'] by choosing a codeword of
weight d~Y in the previous code in the sequence. The sequence of codes
descends to a 3-dimensional code ¢ with minimum distance d’ = dj_ap +
dr_3 + 1 meeting the Griesmer bound.

By Proposition 3.3, C’ is a projective code. It has length

n =d + {%ﬂ +1 (6)

which gives ' = d_o(p+ 1) + dp_g + 3 if dp_3 # p— 1 and 0’ = (dy_o +
Dp+1)+1ifdes3=p—1.
Since C" is a projective code, we can apply Corollary 4.1 which implies

n' < max{(n/—d’— Dp+1,(n'—d —1)p+n—d — @} (7)
Substituting n’ = dr_2(p + 1) + dx_3 + 3 gives the condition that either
dp—o+dp_3 < p—2ordy_3 < (p—3)/2 and substituting n’ = dy_o(p+1)+1
gives the condition dj_o < —1.

Therefore, if dy_o 4+ dp_3 > p—1 and dy_3 > (p — 1)/2 then we have a
contradiction. [ |

We shall consider further improvements to the Griesmer bound in Sec-
tion 8, which will include the case dp_o = p — 2.

5 Multiple blocking sets in three dimensions

In this section, suppose that 1 < t < ¢? 4+ ¢ and define ¢, and t; by t =
t1(q + 1) + to, where 0 < t; < q. If t; = q then t; = 0 since t < ¢* + q.



Lemma 5.1 Suppose that B C PG(3,q) is a t-fold blocking set with respect
to planes and suppose that there exists a line £ such that 0 < |BN{|=1r <q.
Then |B| > qt +t1 +to + q(t1 — 7).

Proof: Consider the ¢+ 1 projective planes through the line ¢ and consider
the affine planes arising from these projective planes removing the line ¢.
Each such affine planes is incident with at least ¢ —r points of B\ ¢ and these
affine planes are disjoint. So |B| > (q+1)(t—7r)4+r = gt +t1+to+q(t;—r). B

Lemma 5.2 Let B C PG(3,q) be a t-fold blocking set with respect to planes
and let I1 be an arbitrary t-secant plane. The set BNII is not a (t; + 1)-fold
blocking set with respect to the lines of 11.

Proof: Suppose to the contrary that BNII is a (¢; + 1)-fold blocking set in
II = PG(2,q). By Proposition 3.1, t;(¢+ 1) +to = |[BNI| > (¢+1)(t; + 1),
and tyg > g + 1, that is a contradiction. |

The following theorem follows from special cases of Theorem 2.1 and
Theorem 2.5 in Hamada [11]. We include a proof since it is short.

Theorem 5.3 Let B C PG(3,q) be at-fold blocking set with respect to planes
such that there exists a t-secant plane I1. If

|IB| <qt+ti+to+qg—1
then
|B| > qt +t1 + to.

Moreover, B is a ti-fold blocking set with respect to lines and every t-secant
plane contains a ti-secant line.

Proof: If there exists a (t; — 1)-secant line ¢ then Lemma 5.1 gives |B| >
qt +t1 +to + q. (If there exist an r-secant line, r < ¢; — 1, then Lemma 5.1
gives a better lower bound.) Lemma 5.2 implies that B is not a (¢; + 1)-fold
blocking set with respect to the lines of the t-secant planes, thus each t-secant
plane has to contain an r-secant line, where r < ¢;, and thus Lemma 5.1 gives
|B| > qt +t1 + to |

We will extend Theorem 5.3 to higher dimensions in Theorem 6.4.

Corollary 5.4 Let B C PG(3,q) be a t-fold blocking set with respect to
planes such that there exists a t-secant plane 11. Then

|B| > qt +t1 + 1o u



Theorem 5.5 Let B C PG(3,q) be at-fold blocking set with respect to planes
such that there exists a t-secant plane I1. Ift; > 1 and ty < Ay(t1) — 1 then

’B| th+t1+t0+q

Proof: |BNII|=t=(¢+ 1)t; +to. If tx < Ay(t1) — 1 then BNII cannot
be a t;-fold blocking set with respect to the lines of II, and thus, B cannot
be a t;-fold blocking set with respect to lines. Now use Theorem 5.3. |

Remark 5.6 Ift; =0 thent =ty < q and thus, the union of t lines among
of the elements of an arbitrary spread (of lines) is a t-fold blocking set (with
respect to planes) that meets the bound in Corollary 5.4. ]

6 Multiple blocking sets in higher dimensions

In this section let 6 > 4 denote the dimension of the finite projective space
PG(0,q) or PG(9,p). Following Hamada [11], let 1 <t < L= _1 — 1 be repre-
sented in the form

0—2 ¢t —1 P -1
t= t,—— =ts_9o— + -+t 1 t 8
; 1t ot hlar )+ (8)
where 0 <'t; < ¢ for each i and if t; = g then ty =t;, = --- =t;_; = 0. The

last condition makes the representation of ¢t unique. This representation of ¢
has the following property.

qt+Zt”—ZtH q—l 9)

6+1_1

Similarly, let 0 < r < 4 — 1 be represented in the form

¢ —1

r= ri————— = Ts_ + o 4+ri(g+1)+r 10
; —1 5-1 —1 1(q ) 0 (10)
where 0 <r; < ¢ for each 7 and if r; = g then 7o =7y = --- = 17,1 = 0. This
representation of r has the the following properties,
-l it -1 5-1
¢ -1 ¢ —1
r = ri—— = T; -+ T, 11
= a-1 q<121 q—1> i=0 "



i+1_1

5—1 5—1
o q
T_qt_;ti—l_T0+;(Ti_ti—1)q_—1- (12)
The following lemma describes another property of these representations of ¢
and r, which will be needed to extend Hamada’s theorem [11, Theorem 2.5]

to Theorem 6.4.

Lemma 6.1 If there exists a j € {1,...,0 — 1} such that r; <t;_1 — 1 and
r; =t;_1 for allt > j then

51 qi 1 6-1 qi—i—l 1
ri—ti_1) < —1 and also 1o+ ri—tioq) —— < —1.
i=1 ( ¢—1 ; ( ) ¢—1

(13)

Similarly, if there exists a j € {1,...,0 — 1} such that r; > t;_1 + 1 and
r; =t;_q for all i > j then

6—1 : J—1 i+1 . 1

—1
(Ti — ti—l) q - >1 and also rg + Z (T,‘ —tiq
=1 1=1

q— q—1

Proof: In the first case

5—1 j—1
q—1 ¢ —1 q —1
(rz zfl) >~ ZT’L = _17
i=1 ¢—1 ¢—1 = a1
since )
— ¢—-1 _¢-1
D -1
=1 q- 1 q- 1
Moreover
6-1 ¢ —1
ro+ Y (ri—ti1)
i=1 ¢—1
-1y J=1 i1
q]+1_1 J +1_1 qj+1_1 q+_1
S - tro+ ) T = + ) —1,
q—1 ;; q—1 q—1 ;: q—1
since ‘
J-1 ¢l —1 gt —1
Z Ti 1 1 1
i 1~ 1=
The other case is similar. [ |
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Lemma 6.2 Let B C PG(d,q) be an r-fold blocking set with respect to hy-
perplanes for which there is an r-secant hyperplane Ils_1. If BN 1ls_ 1 is a
t-fold blocking set with respect to the hyperplanes of 1ls_1 and there exists a
t-secant hyperplane 1ls_o of Ils_1 then

0—1 6—1 i
|B|qu+zri+Q<Z<ri_til)q 1) (15)

i=0 i=1 qg—1

Proof: Consider the g+1 hyperplanes intersecting each other in the t-secant
2-codimensional space II5_5 and partitioning the points of PG(d, q) \ Il5_s.

Bl > (q+1)(r—t)+t=qr+r—qt=

L i 51 Ui
qr +4q T + ) ri—q i1

i=1 =0
using Equation (11). |
Definition 6.3 If (s,,...,s1) is an arbitrary n-tuple then let the expression
[Sns - -, 81| mean the following sum
N 4!
[Spy vy S1] _;Slq—l'

Let N be defined as j if t; = ¢ and 6 — 2 if no such j exists.
In [11, Theorem 2.5] Hamada proves the following for the main case N =
o —2.

Theorem 6.4 Let B C PG(4,q) be a t-fold blocking set with respect to hy-
perplanes for which there exists a t-secant hyperplane 11s_1 of PG(6,q). If

0—2

Bl<qt+) ti+q—1

1=0

then
6—2
Bl >qt+)
=0

and for each j = 0,...,N the set B is a [ts_o,...,t;]-fold blocking set with
respect to (6 —j —1)-dimensional subspaces. Moreover, for each [ts_o, ..., t;]-
secant (j+1)-codimensional subspace I15_;_q there exists a sequence lls_o_n <
- < Ils_j_1 of subspaces, each a hyperplane of the following one, such that
foreachi=j,...,N + 1 we have |Ils_;_1 N B| = [ts_2,...,ti,ti—1].
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Proof: If § = 3 then the theorem follows from Theorem 5.3. By induction
on J suppose that the theorem is true for PG(4, ¢) and let B C PG(d + 1, q)
be an r-fold blocking set with respect to hyperplanes and let 115 = PG(9, q)
be an arbitrary r-secant hyperplane of PG(6+1, ¢). Let ¢ be such that BNIl;
is a t-fold blocking set with respect to the hyperplanes of II5 and there exists
a t-secant hyperplane I15_; =2 PG(J — 1, q) of II5. By induction we know that

6—2
r=|BNI| >qt+ > t (16)
=0
and thus
6—2 6—1 q”l 1
T—qt—ZtZ:TO—FZ(TZ—tZ_l)q_—l 20 (17)
=0 =1

If there exists an index j € {1,...,0 — 1} such that r; # ¢;_; then let j be
the largest such index. If r; <t;_; — 1 then (13) in Lemma 6.1 says that

o1 i+l _
To + Z(n - til)qq — < —1, that contradicts (17).
i=1

If r; > t;_1 + 1 then (14) in Lemma 6.1 says

5—1 i1
(Z(rz —ti_q) —1 ) > 1,

=1

and using (15) in Lemma 6.2 we get

5—1 5—1 ; 0—1
i1
|B| > <qr—|—2n~> +q<2(n~—ti_1)2_1) qu—ian—l—q.
=0

1=1 =0

Otherwise, for each i = 1,...,0 —1 we have r; = t;_; and Lemma 6.2 implies
5—1
|B| > qr + Z Ti.
i=0

For each j =1,...,6, we have [ts_o, ... ts_1-5] = [rs_1,- .., T5-j].

If o < ¢g—1then |IBNIls| = r < qt+Zf;olti+q—1 and thus,
by induction we have that for each 7 = 1,...,0 — 1 the set BN 1Ils is a
[ts—2,...,ts_1—;]-fold blocking set with respect to j-dimensional subspaces
and for each [ts_o,...,t5_1_;]-secant j-dimensional subspace II; there exists
a sequence ¢ = II; < --- < II;_; < II; of subspaces, each a hyperplane
of the following one, such that for each i = 1,...,j we have |II; N B| =

[t5—27 s 7t(5—1—i]- u

12



The following is from Hamada [11, Theorem 2.2].

Corollary 6.5 If B C PG(d,q) is at = [ts_a,...,to|-fold blocking set with
respect to hyperplanes such that there exists a t-secant hyperplane I < PG(9, q)
then

6—2
|B’Z[t§,2,...,t17t070]:qt+zti "
=0

The following appears to be new.

Theorem 6.6 Let B C PG(9, q) be at-fold blocking set with respect to hyper-
planes such that there exists a t-secant hyperplane. If ts_4, ..., t1,t0 < q—1
and ts_o > 1 and ts_3 < Ay(ts—2) — 1 then

k—2

|B’ 2 [t5725"'7t17t07q] = qt+ztz+q
=0

Proof: Suppose that |B| < gt + ij t; +q— 1. By Theorem 6.4, B is a

ts_o-fold blocking set with respect to lines and, since N = § — 2, there is a
plane I, (i = § — 3) with the property that

|BNIy| = [ts2,ts-3,t5 4.
By Theorem 5.5,
|B N H2| > [t5—27t5—37 q]7

a contradiction. [}

7 Multiple blocking sets in the prime case

Theorem 5.5 and Theorem 6.6 have the following consequence using the
bounds for A,(t) given by Theorem 2.3.

Corollary 7.1 Let p be a prime and let B C PG(6,p) be a t-fold blocking
set with respect to hyperplanes such that there exists a t-secant hyperplane.
Suppose that either 6 =3 or d > 4 and ts_y4, ..., t1,tg < p—1. Ifts_ 9 > 2
and ts_s < min {p%l,p —-1- t(;,g} then

5—2

1Bl > [ts-2, .- o, = pt+ > _ti+p.

=0
Furthermore, the bound holds if p = 7, ts_o = 2 and ts_3 < 4, p = 11,
ts o =2o0r3 andts 3 <6, p=13,t5.9 =2 o0r3 andts_3 <7, p =17,
tso=2o0r3 andts_3<9, orp=19, ts_o =2 and ts_3 < 10. [ |
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We shall use of series of lemmas to prove the same bound for |B] in
roughly half the cases when t5_o = 1.
The following lemma can be deduced directly from [14, Theorem 3.14].

Lemma 7.2 Let B C PG(0,p) be a blocking set with respect to lines. If
|B| < 3(p°~! +1)/2 then B contains a hyperplane. |

The following can be deduced from [2, Theorem 2.2].

Lemma 7.3 Ift < p then a t-fold blocking set with respect to affine planes
of AG(3,p) contains at least (t +2)p — 2 points. |

Theorem 7.4 Let B C PG(d,p) be a [1,t5_3,...,to|-fold blocking set with
respect to hyperplanes and 6 > 3. Ift; <p—1 foralli =0,...,0—3,t5s.3#0

and
57

w

(p—3)

ti(pi+2 — ]_) < 9

P -1)—(p—-1)

@
Il
=)

then
§—2

Bl >tp+ > ti+p.
i=0
Proof: Suppose that |B| < tp + Zf;g t;+p—1.
By Theorem 6.4, B is 1-fold blocking set of PG(d, p) with respect to lines.
By assumption

) 5 6-3 i+2
~1 —1
Bl<tp+> ti+p-1=" +Ztiu+p—l
i=0 -1 = p—1
-1 -3t —1) 3 t—1
_P L =3 ) _3p ’
p—1 2(p—1) 2

and so, by Lemma 7.2, B contains a hyperplane II.

By Theorem 6.4 the set B is a (p+1+ts_3)-fold blocking set with respect
to planes. Therefore, B\ II is t5_3-fold blocking set with respect to planes in
each affine three dimensional subspace ¥\ II. Let 2 be a plane of H. In each
of the p?~3 affine subspaces ¥ \ II, where ¥ contains €2 and is not contained
in II,

(BAS)\T > (ts s +2)p—2.

Hence
) p5 1 6—2
1B > p* 2 (ts_sp +2p — 2) + — > tp + Zti +p.
i=0
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The following was proved by Blokhuis in [5].

Lemma 7.5 Suppose that the polynomial f(X) = g(X)X?+h(X) is a prod-
uct of linear polynomials of F,[X]| and that the degree of g and h is at most
(p—1)/2. Either f(X) = g(X)(X? — X) or f(X) = g(X)(XP 4 ¢) for some
cel,. |

The following is a generalisation of Blokhuis” Theorem, Theorem 2.3 to
9 > 3. In what follows we assume that [ts_o,...,t2,t1 + 1] = t; + 1 and
[ts_2,...,ta) = 01if 6 = 3.

Theorem 7.6 Let § > 3 and suppose that B C PG(d,p) is a t-fold blocking
set with respect to hyperplanes and that ty > 1.

If there exists a [ts_a, ..., ta, t1 + 1]-secant (0 — 2)-dimensional subspace,
contained in a t-secant hyperplane but not contained in any hyperplane inci-
dent with at least p +t points of B, then

5—2 1
|B| Zpt—i-Zti—i-min{pT,p—to}.

1=0

Proof: Note that {5 > 1 implies that p — 1 > ¢;.

Let €, the hyperplane defined by the equation X, = 0, be a t-secant
to B. Let Y, the co-dimension two subspace defined Xy = X; = 0, be a
[ts_2,...,ta,t1 + 1]-secant not contained in any hyperplane incident with at
least p 4 t points of B.

Assume that |B| = tp + Zf;g t; +m and that m < p—1ty — 1. We shall
prove that m > (p+1)/2.

By Theorem 6.4, if 6 > 4 then BN Y is a [ts_o,...,ts,ts]-fold blocking
set of the hyperplanes of ¥. Moreover, since

‘Bmz‘ - [t5727"'7t27t1+1] S [t5727"'7t37t2+170]_1

there is a hyperplane, IT of X, which is a [t5_o, ..., 3, ts]-secant to B.

If 6 = 3 then let II be a point not in B.

Let II be defined by the equation Xy = X; = X5 = 0.

Let xg, 21 be elements of F,,. The hyperplanes xo X+ 21X, + X, = 0 are
incident with at least » = t — [t5_2, ..., t3, 3] points of B\ 3, since II is a
[ts_2,...,t3, ta]-secant to B. Thus the polynomial

f(Xo, X1) = H (aoXo + a1 X1 + as)

a€B\X

15



has a zero of multiplicity at least 7 at every (z,z1) € F.
By Bruen [8], there are polynomials g; of degree at most | B\ £| —rp such
that

T

(X0, X1) =D (X§ = Xo) (X = X1)g;(Xo, X1).

J=0

The degree of g; is at most
5—2

tg+ Y titm—[tsa, ...t tr+ 1] —tq+ [tia, ...ty ta)g =m+to — 1.
i=0

Let f*(Xo) be the polynomial which are the terms of highest degree occurring
in f with X; = 1. Define g; similarly. The polynomial

F1(Xo) = ][ (a0Xo+ an)

a€B\X

is of degree |B| — t, since 2 is a t-secant.
Let s = S0 2tip"™" = [ts_o,... 1] — [ts_2,...,12), and so 7 — 5 = t —
[t(;_g, e ,tl]. Then

52
|B\—t:tp+2ti+m—t:(r—s)p+m.
i=0

The hyperplane X; = 0 is incident with at least
t—[tg_g,...,tl]—1=T—S—1:Sp+t0—1

points of B\ X, and so X" divides f*. Hence, we have that

f1(Xo) = H (aoXo +ay) = ZX(()T_j)pg;(Xo)a (18)
a€B\Z J=s
where the degree of g; = m and for j = s+1,...,r — s the degree of g; is at

most m+ty—1<p—2.

Every hyperplane containing ¥ is incident with at least ¢t — [ts_o,...,t; +
1] =7 —s— 1 points of B\ ¥ and so (X{ — Xo)"*~! divides f*(X).

Define I(Xj), a polynomial of degree at most p — 1, by the identity

f1(Xo) = (X7 — Xo)" "1 (Xggs + U(Xo) + g;_,/ (= X0)"7").

Note that X7 divides X *"!(Xy), or in other words X2 ™" divides
[(Xo).

16



The degree of g* is m and the degree of g* _/(—Xy)"~! is at most m.
Note that r — s — 1 4+m = tg + m — 1 modulo p which is less than p — 2 by
assumption. Therefore, the terms of degree —1 modulo p in f* come from
(Xd—Xp)*PT~1(Xy). The coefficient of XészrtO_l_i)erp_l, fori=0,...t—1

| (0]

is
where [; is the coefficient of X} in I(X,). Equation (18) implies f* has no
terms of degree —1 modulo p, hence l,_1_; = 0. Therefore, I(X,) = 0.

By Lemma 7.5, the polynomial X} g + g _,/(—Xo)"®™!, is equal to (X} —
X0)g%, (X8 — ¢)g: for some ¢ € F,,, or m > (p+ 1)/2. The first case cannot
occur since the degree of g* is at least the degree of g7 . /(—Xg)*~!. The
second case does not occur since we assumed that Y is not contained in any
hyperplane with at least p + ¢ points of B. Hence, m > (p + 1)/2. |

8 Further improvements to the Griesmer bound

Let C be a g-ary linear code of length n, dimension £ and minimum distance
d < ¢*~! meeting the Griesmer bound, in other words

Al
n = — | .
>[4l
Writed:Zf;fdiqi, where 0 < d; < qg—1fori=3s,...,k—2and d, # 0.
Then

n:[dk_g,...,do]—i‘k’—l—s.

As in the introduction, since C' is a projective code we can construct a t-fold
blocking set with respect to hyperplanes B of PG(k — 1, q) where

k—1
¢ -1
t=—"—— d 19
ot (19)
and i i
¢ —1 ¢ —1
= —n= — [di—2,...,do] =k +1+s.
‘ | 1 q—l [k27 70] +1+s
Substituting for n in (19) gives
k—2
¢ —1 ¢ —1
t= g —1—-d .
q—1 +j5(q i) 1



i+1_ 1

——, and conclude that if

As in the previous section, we write t = Z 3¢, q
s # 0 then for j=s,...,k—3

ti=q—1—dj, (20)
that t,_1 =¢—ds;and t; =0 for j <s—2. If s =0 then
tj=q—1—dj, (21)

for j=0,...,k—3.
By careful calculation, substituting for ¢; with the above, we have for

s#0

tq—i—Zt

and for s =0

tq+Zt

Now we can translate Theorem 7.4 and Theorem 7.6 into their corre-
sponding results in terms of linear codes meeting the Griesmer bound.
The following is a corollary to Theorem 7.4, which extends Theorem 4.3.

k—2 s k

-1 -1

Y ! =L (22
qg—1 qg—1

i=s

k—2 k
¢t -1 ¢ -1
d; = —n+4dy—q. (23
?1 pi s e q- (23)

Corollary 8.1 Let p be prime and suppose that there is a k-dimensional
linear code of length n and minimum distance d < p*~' over F,. If k > 4,
dpo=p—2andp—2>dr_3> (p+3)/2 then

n> g(k,d) + 1—1+Z[ w

Proof: The condition in Theorem 7.4 that ts_3 # 0 translates to dy_3 #

p—1.
The condition

— 2 (p—3) 5—1 2
Dt =1 < == =) = (p - 1)
1=0
translates to
(p+3) <p6_1_1)+ ) s+2<k§dp_”l—1
b —-p > i .
2 p—1 i1 P~ 1



Therefore, if dy_3 > (p+ 3)/2 and s # 0 then

k_q k1
B=L— _n>T "~ 54
qg—1 q—1

which is clearly a contradiction. Thus, there is no code meeting the Griesmer
bound for these values of d and k.
If dp_s > (p+3)/2 and s = 0 then

k 1 k _ 1
Bl=L—-n>L"" —ntdi-q+q,
q—1 q—1
which implies dy = 0 and therefore s > 1, also a contradiction. |

An m-secant hyperplane of B corresponds to a codeword of weight n —

("1 —=1)/(qg — 1) + m. An m-secant (§ — 2)-dimensional subspace of B
corresponds to a pair of codewords ¢i, co with support
qk—Q -1
|sup(cy) U sup(ca)| =n — 1 +m.
In the latter case, if m = [ts_o,...,t2,t;1 + 1] and s = 0 or s = 1 then one

can check by direct calculation using (20) and (21) that

|sup(cy) U sup(es)| = d + m +1.

The following is a corollary to Theorem 7.6, which generalizes the case
k = 3 in Theorem 4.2. To be able to apply Theorem 7.6 we need that ty > 1
which implies that s < 1.

Corollary 8.2 Let p be prime and suppose that there is a k-dimensional
linear code of length n and minimum distance d < p*=! over F,. Suppose
that k > 4 and either dy < p—2 and dy > max((p+1)/2,p—dy), ordyg =0
and dy # 0. If there are codewords ¢y and co such that

d
|sup(cy) Usup(ca)| = d + h-‘ +1,

the codeword ¢y has weight d, and all codewords in {(cy,cy) have weight less
than d + p, then

el
n>gkd+1=1+ [——‘

-
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Proof: By Theorem 7.6 we have that the t-fold blocking set B that corre-
sponds to the code meeting the Griesmer bound satisfies

5—2
. (p+1
Bl >t t P t). 24
|\_p+; +mm<2 p 0) (24)
If s =0, in other words dy # 0 this, together with (23), gives
1
p—do > min (%,dl - 1) ,

which contradicts the assumption.
If s = 1 then d; # 0 and (24) together with (22) gives 0 > min (22, d; + 1),
a contradiction. [ |

There are examples of linear codes which meet the Griesmer bound and
whose minimum distance satisfies the above conditions. For these codes it
follows that if there are codewords ¢; and ¢y such that

d
|sup(c1) U sup(cz)| = d + [5—‘ 41,

and c; has weight d, then there is a codeword in (cq, ¢2) that has weight d+ p.

For example, an ovoid O in PG(3,¢q) is a set of ¢*> + 1 points which has
the property that every hyperplane is incident with at most ¢ + 1 points of
O. The 4-dimensional code generated by the matrix whose columns are the
points of O is of length ¢? + 1 and has minimum distance ¢*> — ¢. Thus,
do = 0 and d; = g — 1. Corollary 8.2 says that (in the prime case) if there
are codewords ¢; and ¢, such that |sup(c;) U sup(cy)| = p? and the weight of
c1 is p? —p, then there is a codeword, which we can assume is ¢y of weight p?.
This, in terms of the ovoid, simply states that every tangent line is contained
in a tangent plane.

We now apply Corollary 8.2 to codes whose residual codes satisfy the
hypothesis.

Theorem 8.3 Let C' be a k-dimensional linear code over F, with mini-

mum distance d < p*~' which meets the Griesmer bound. Suppose there
are codewords cy,...,cp, where 2 < m < k — 2, with the property that for

j=1,...,m—1
, =ra
| U, sup(c;)| = Z L;—‘

=0
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and
m—1 d
U suke) = 3 | 5] +1
im0 | P
If any of the following occur,
1. p™=2 does not divide d and dy,—5 > max(’*, p—dp_1 — 1) and d,_s #
b 1;
2. p™=2 does not divide d and dy,—y =p — 1 and dp,—y # p — 1,
3. p™~2 divides d and d,,_o > max(z%l,p —dp1),
4. p™2 divides d and d,,_o = 0 and d,,_, # 0,

then there is a codeword in {(c1,...,cn) of weight at least d + p.

Proof: Let C' = C, and consider the sequence of residual codes defined
iteratively by C; = Res(C;_1,¢;), fori =1,...,m. Let ¢* denote the reduced
codeword in C,,_s of a codeword ¢ in C.

By hypothesis the codeword ¢, ; has weight {LQ-‘ and

pmT

. . d d
|sup(c, 1) Usup(cr,)| = ’me_Z-‘ + [pm_l—‘ + 1.

Since (' is a code attaining the Griesmer bound, the mininum distance of
Cho is L%-‘.

The hypothesis on d in Corollary 8.2 is satisfied in precisely the four cases
listed, so applying Corollary 8.2 we conclude that there is a codeword ¢* in

C,,—2 which has weight at least L”iJ + p.
We shall now construct iteratively a sequence of codewords x; of C; of

weight at least L%-‘ +pfori=m-—2m-—3,...,0. Let z,,_o = c*. Let y; be
a codeword of C; which reduces to z;;; when we construct the residual code
Cit1 = Res(C, ¢iy1). For some A € F, the codewords Ac;;; and y; agree in

at most
1] < 1551
i ) I )
q|p Pt

coordinates. Thus, for this A, the codeword x; = y; — Ac;11 has weight at

least
d d d
]; - pitL + Pt +p.

The codeword xg € C has weight at least d + p and is in the subspace
(C1y ey Cm)- |
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